A graph with at least 2k vertices is said to be k-linked if for any ordered k-tuples (s1, . . . , s k ) and (t1, . . . , t k ) of 2k distinct vertices, there exist pairwise vertex-disjoint paths P1, . . . , P k such that Pi connects si and ti for i = 1, . . . , k. For a given graph G, we consider the problem of finding a maximum induced subgraph of G that is not k-linked. This problem is a common generalization of computing the vertex-connectivity and testing the k-linkedness of G, and it is closely related to the concept of H-linkedness. In this paper, we give the first polynomial-time algorithm for the case of k = 2, whereas a similar problem that finds a maximum induced subgraph without 2-vertex-disjoint paths connecting fixed terminal pairs is NP-hard. For the case of general k, we give an (8k − 2)-additive approximation algorithm. We also investigate the computational complexities of the edge-disjoint case and the directed case.
Introduction
A graph is said to be k-linked if it has at least 2k vertices and for any ordered k-tuples (s 1 , . . . , s k ) and (t 1 , . . . , t k ) of 2k distinct vertices, there exist pairwise vertex-disjoint paths P 1 , . . . , P k such that P i connects s i and t i for i = 1, . . . , k. The k-linkedness has been well-studied by many graph theorists, and there are many results on relationships between the k-linkedness and the vertex-connectivity of graphs [1, 8, 10, 14, 20] . From the algorithmic point of view, the k-linkedness has attracted attention because of similarities with the vertexdisjoint paths problem, which is one of the most important problems in computer science and algorithmic graph theory. In the vertex-disjoint paths problem, we
We mainly discuss the case of k = 2, which is interesting because of its relation to the problem of finding a maximum planar induced subgraph. By a classical result on the 2-vertex-disjoint paths problem [18] , it is well-known that the graph is not 2-linked if and only if it cannot be embedded in a plane up to "3-separations" (see Theorem 6 for the precise statement). That is, the non-2-linkedness is a similar concept to the planarity. The problem of finding a maximum planar induced subgraph is an important problem in theoretical computer science, because it amounts to computing a measure for non-planarity of graphs (see e.g. [2, 15] ). Max Non-2-Linked Induced Subgraph can also be regarded as a problem of computing a measure for non-planarity of graphs, which is one of our motivations for studying Max Non-k-Linked Induced Subgraph. As we will describe later, we show that Max Non-2-Linked Induced Subgraph can be solved in polynomial time (Theorem 5). This result is surprising because most of all natural problems of computing measures for non-planarity, such as finding a maximum planar (induced) subgraph or computing the minimum number of crossings in an embedding in a plane, are known to be NP-hard (see [15] ).
Max Non-k-Linked Induced Subgraph is motivated also by the concept of Hlinkedness that has been studied [4, 6, 11, 12, 13] as a common generalization of the graph connectivity and the k-linkedness. For a multigraph H, an H-subdivision in a graph G is a pair of mappings f : V (H) → V (G) and g : E(H) → P, where P is the set of paths in G, such that:
is a path connecting f (u) and f (v) in G for uv ∈ E(H), and the paths are internally disjoint.
For a multigraph H, a graph G is H-linked if every injective mapping f : V (H) → V (G) can be extended to an H-subdivision in G. This is a generalization of the notions of k-linkedness and k-connectivity, because the H-linkedness is equivalent to the k-linkedness when H is a matching with k edges, and it is equivalent to the k-connectivity when H consists of k + 1 vertices and one edge. For a multigraph H (or an integer k, respectively), determining whether a given graph G is H-linked (resp. k-linked) or not is a natural algorithmic
